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Angular momentum near the black hole threshold in scalar field collapse
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For the formation of a black hole in the gravitational collapse of a massless scalar field, we calculate a
critical exponent that governs the black hole angular momentum for slightly non-spherical initial data near the
black hole threshold. We calculate the scaling law by second-order perturbation theory. We then use the
numerical results of a previous first-order perturbative analysis to obtain the numerical valuem.0.76 for the
angular momentum critical exponent. A quasi-periodic fine structure is superimposed on the overall power law.
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I. INTRODUCTION

In the space of initial data for a self-gravitating syste
the black hole threshold is the limit between initial data th
eventually form a black hole and initial data that do n
More precisely, if one considers smooth one-parameter fa
lies of initial data such that for large values of the parame
p a black hole is formed, but not for small values, then th
is a critical valuep* ~which can be found by bisection!
where a black hole is first formed. Such data are called c
cal data. All numerical experiments are compatible with
picture that the critical data form a smooth hypersurface
codimension 1, called the critical surface, in the infini
dimensional space of initial data.

The evolution of any data sufficiently close to the bla
hole threshold shows what is now commonly known as cr
cal phenomena in gravitational collapse. The solut
evolved from near-critical data, withp.p* , approaches a
universal intermediate attractor in a region of spacetim
This universal ‘‘critical solution’’ has a discrete or continu
ous self-similarity. Numerical experiments as well as pert
bative calculations are compatible with the picture that it
an attractor inside the critical surface, with precisely o
unstable perturbation mode pointing out of the critical s
face.

If p.p* , and a black hole is formed, its mass scales w
p as @1#

M.C ~p2p* !g, ~1!

whereg is the same for all families of initial data. Howeve
scaling is not only a supercritical property. Any dimension
variable of the system scales withp2p* . For example the
maximum curvature of spacetime scales as (p* 2p)22g for
p,p* @2#. The critical exponentg is directly related to the
growth rate of the one unstable mode.

The critical exponentg is independent of the initial data
It depends on the type of matter~or absence of matter, in th
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collapse of pure gravitational waves!, but is independent of
any dimensionful constants in the matter equations of m
tion. Critical phenomena were first observed in the sph
cally symmetric collapse of a scalar field@1# and the axisym-
metric collapse of gravitational waves@3#. The structure of
the intermediate attractor that plays the role of the criti
point was clarified in@4# and @5#. The critical exponent for
the black hole mass was calculated by perturbation the
around the critical point in@6# and more generally in@7#. An
independent critical exponent for the black hole elect
charge was predicted in@8# and subsequently measured
@9#. The prediction of a critical exponent for the black hole
angular momentum required perturbation theory beyo
spherical symmetry, and was first carried out in@10,11# for
perfect fluid collapse. A detailed review of all this can b
found in @12#.

Now two of us have calculated the non-spherical line
perturbations around the critical point in scalar field collap
@13#. In the present paper, we build on that work to quan
tatively predict the scaling of the black hole angular mome
tum in critical scalar field collapse. The perfect fluid an
scalar field cases have in common that the critical space
is spherically symmetric. The black hole angular momentu
which breaks spherical symmetry, can therefore be trea
perturbatively. There are two important differences, ho
ever.

The first difference is this. The critical point spacetime
perfect fluid collapse has, apart from spherical symme
another continuous symmetry, namely continuous s
similarity ~CSS!, also called a homothety. Roughly speakin
this means that it does not depend ont andr separately, but
only through the dimensionless combinationx52r /t ~for a
suitable choice of coordinates that we do not need to disc
here!. The perturbations of this solution must then have
form Re@(2t)2l f (x)#, where both the eigenvaluel and the
mode functionf (x) can be complex. In the perfect fluid cas
the l of the perturbation that dominates angul
momentum—thel 51 axial mode with the largest rea
©1999 The American Physical Society12-1
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part—is real.~The statement in@11# that l is complex was
wrong.! The black hole angular momentum in critical perfe
fluid collapse scales as

LW .LW 0~p2p* !m ~perfect fluid, CSS!. ~2!

In contrast, the scalar field critical spacetime depends
only on x, but in a restricted way also ont: it is periodic in
t52 ln(2t). ~Again this holds only in suitable coordinates!
This symmetry is called discrete self-similarity~DSS! @7#.
Furthermore, the critical exponent itself is complex. T
imaginary part of the critical exponent and the independ
periodD in t of the background critical point solution the
combine to give an overall power law modified by qua
periodic behavior, as we shall see below.

The second new difference between the fluid and the
lar field is that angular momentum can be treated in fi
order perturbation theory around spherical symmetry for p
fect fluid collapse, but not for scalar field collapse. We ha
to go to second-order perturbation theory to obtain a n
zero effect. Fortunately the relevant second-order pertu
tion degree of freedom does not obey a wave-like equa
which would require independent free initial data, but is
tally determined by its source, which is quadratic in fir
order perturbations. This allows us to obtain the desired
sult with a calculation based on dimensional analysis
selection rules for the angular dependence of the pertu
tions. At the end of the calculation we insert the numeri
value for a particular complex eigenvaluel into our result to
obtain a numerical value for the angular momentum criti
exponent.

The paper is structured as follows. First we define per
bation theory around spherical symmetry to all orders a
show, both formally and intuitively, why we have to go b
yond first-order perturbations. Then we consider the seco
order perturbations that give rise to the angular moment
In order to make our presentation more self-contained,
briefly review how the mass scaling law is derived. Then
derive the angular momentum scaling law for a spheric
DSS, background, and insert numbers for the scalar fi
case.

II. FIRST-ORDER PERTURBATIONS AROUND
SPHERICAL SYMMETRY

In order to define higher order perturbation theory,
formally expand the metric and the scalar field as

gmn~e!5gmn
~0!1egmn

~1!1e2gmn
~2!1O~e3!, ~3!

f~e!5f~0!1ef~1!1e2f~2!1O~e3!. ~4!

In the following we use the shorthandu to denote bothgmn

and f. If we write the field equations, that is, the Einste
equations and the scalar wave equation, formally as

E~u!50, u5~gmn ,f!5u~e!, ~5!

and take formal derivatives with respect toe, we obtain, as
the leading orders,
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E~u~0!!50, ~6!

L~u~1!!50, ~7!

L~u~2!!5S ~2!~u~1!,u~1!!, ~8!

whereL is a linear derivative operator, andS is a quadratic
derivative operator.

We perturb around a spherically symmetric solutionu(0).
In this paper we consider a double perturbation expans
both around spherical symmetry and around criticality. T
small parametere in the following always refers to devia
tions from spherical symmetry.~The small deviation from
criticality will be parametrized byp2p* .!

We begin by establishing that no black hole angular m
mentum can arise in first-order perturbation theory, for
spherically symmetric background solution with only sca
field matter. We begin by noting@14# that the Kerr metric
with massM and angular momentumL in Boyer-Lindquist
coordinates can be written as a perturbation of the Schwa
child metric ~for simplicity we assume that the angular m
mentum is in thez-direction!:

gmn
~0!dxm dxn52S 12

2M

r Ddt21S 12
2M

r D 21

dr2

1r 2~du21sin2 u dw2!, ~9!

gmn
~1!dxm dxn524

L

r
sin2 u dt dw

54
L

r
sinu

]

]u
A4p

3
Y10~u,w! dt dw, ~10!

where Y10 is the spherical harmonic withl 51 and m50.
Note that this is the only first-order metric perturbation wh
we expand in powers ofL. The other metric coefficients ar
changed only fromO(L2) on.

We adapt the gauge-invariant perturbation framework
Gerlach and Sengupta@15#, which is reviewed in more detai
in @13#. In this framework, all four-dimensional tensor pe
turbations are covariantly decomposed into series of tenso
spherical harmonics, which carry all the angular depende
with coefficients which depend onr and t. These harmonics
are tensors derived from theYlm and their derivatives, resid
ing on the two-spheres of spherical symmetry~coordinatesu
and w, tensor indicesa). The coefficients of those expan
sions are tensors residing in the two-dimensional redu
manifold~coordinatesr andt, tensor indicesA). This decom-
position is performed because around spherical symm
different l ,m components of the expansion decouple so
can study each case separately. Eachl ,m linear perturbation
decouples further into two parts: axial@with parity
(21)l 11] and polar@with parity (21)l ].

In this notation, the linear metric perturbation~9! is writ-
ten as

gmn
~1!dxm dxn52kA

~1!dxA S10adxa, ~11!
2-2
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where S10a is the axial harmonic vector field with angula
dependencel 51, m50, formed by the general ruleSlma

5ea
bYlm:b . ~Here :a is the covariant derivative on the un

two-sphere, andeab is the corresponding unit antisymmetr
tensor.! The angular momentum perturbationLz we are in-
terested in can therefore be characterized as the axiall 51,
m50, gauge-invariant metric perturbation. (m51 and m
521 parametrizeLx andLy . ! By comparison with Eq.~9!
we read off that

kA
~1!dxA5A4p

3

2L

r
dt ~12!

for l 51 and m50. Here kA
(1) is only partially gauge-

invariant for l 51, but its curlP (1) is gauge-invariant for all
l .0, and contains all the gauge-invariant information. W
calculate

P~1!5eAB~r 22kA
~1!! uB52A4p

3

6L

r 4 , ~13!

for l 51 andm50. ~In the notation of@13# these objects are
simply calledkA and P because there we only work wit
first-order perturbations.! A is the covariant derivative on th
reduced manifold, andeAB the corresponding unit antisym
metric tensor.

Let us compare this particular solution with the gene
linearized equation~7! it must obey. Forl>2, P (1) obeys a
wave equation, but forl 51 it obeys a first-order differentia
equation that can be integrated trivially to yield

r 4P~1!216pT~1!2c50, ~14!

whereT(1) is a scalar constructed from the axial gauge
variant matter perturbations, andc is an integration constant
Note thatL degenerates from a derivative operator to
algebraic operator forl 51 axial perturbations. In spite of it
trivial appearance, Eq.~14! is the linearized Einstein equa
tion relating gauge-invariant axiall 51 metric perturbations
to their matter sources.

If the spacetime is vacuum, the spherical backgrou
must be Schwarzschild, and the matter perturbationT(1) van-
ishes. The only axial physical perturbation is then the o
that takes the Schwarzschild metric infinitesimally into t
Kerr metric. We see that, for this perturbation,

T~1!50, c526A4p

3
L. ~15!

~There is one other physical perturbation of the Schwa
child metric,l 50 polar, which changes the mass of the bla
hole.!

If we demand regularity at the centerr 50, as we do here
we must havec50, and this is also true in the presence
matter. The scalar field and its perturbation~to all orders! are
polar, simply because they are spacetime scalars. There
T(1) vanishes for scalar field matter and we haveP (1)50.
~To the next order, polar and axial perturbations do mix,
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that to second orderT and henceP do not vanish. This will
be discussed in the next section.!

While this is a complete argument for the absence
black hole angular momentum in the first-order perturbat
calculation, we have also found two intuitive ones. Angu
momentum is present in the first-order perturbations
spherical fluid collapse, but not of scalar field collapse,
cause the fluid is made up of individual particles with a r
mass which can go round while the entire configuration
mains axisymmetric. The angular momentum is proportio
to the tangential velocity componentuw. The scalar field has
no such particles, and we need to make spoke-like struct
in the field~thus breaking axisymmetry! and then make thes
go round. Intuitively, we need two powers ofe to do this:
one to make spokes and another to make them go ro
This argument is backed up by the observation that the c
served angular momentum~Noether charge! of a scalar field
on a Minkowski background, for example thez-component,
is simply

Lf,Minkowski
z 5E f ,tf ,w d3x5O~e2!. ~16!

One can easily see that this is again quadratic in deviat
from spherical symmetry.

A second intuitive argument for the absence of first-ord
angular momentum perturbations in the scalar field com
precisely from its partial equivalence with a perfect flu
~with p5r): the 4-velocity of that pseudo-fluid is the no
malized gradient of the scalar field and, therefore, irro
tional.

III. SECOND-ORDER PERTURBATIONS

In second-order perturbation theory, we can defi
second-order versions of the gauge-invariant perturbatio
~Equivalently, we could fix the gauge separately at each
der.! Independent of the detailed field equations, the term
the nth order equations that is linear in thenth order pertur-
bations is the same at all orders, namelyL. For l 51 axial
perturbations, Eq.~8! therefore takes the simple algebra
form

r 4P~2!216pT~2!2c5S~2!~u~1!,u~1!! ~17!

whereP (2) andT(2) are justP (1) andT(1) with u(1) replac-
ing u(2). Just as for the first-order perturbations,T(2) van-
ishes identically for scalar field matter, and the integrat
constantc vanishes if we consider only solutions with
regular centerr 50.

But now there is also the sourceS(2), which is quadratic
in first order perturbationsu(1). It does not vanish in genera
and generates a non-vanishingP (2). Therefore it can intro-
duce angular momentum. If and when a black hole
formed, it must settle down to the Kerr solution at late tim
S(2) must then approach a constant at late times outside
horizon, thus transforming a Schwarzschild into a Kerr bla
hole. Inside the horizon, where the singularity forms, pert
bation theory around a regular center will break down, b
that does not affect our calculations.
2-3



re
b

d
th
e
v

ttl
at
ba

e
ly

-

al

m

a
tio

e

io
in
e

lle
m
o

y
er
ie

ch

on

are
-

ca-

-

s,

e.

we

d is

w-
ay,

-
de

time
t

er-
rba-
all

,

-

GARFINKLE, GUNDLACH, AND MARTÍN-GARCÍA PHYSICAL REVIEW D 59 104012
Finding the expression forS(2) would require more effort
than writing down the left-hand side, but fortunately we a
interested only in scaling arguments, not in the detailed
havior of P (2) as a function ofr and t. We note thatP (2)

belongs to the axial sector, and that we are only intereste
its l 51, m50 component, as that is the one connected to
black hole angular momentum. All other second-order p
turbations~except a mass perturbation, as mentioned abo!
must eventually be radiated away as the black hole se
down to the Kerr solution. We can therefore restrict our
tention to terms which are quadratic in first-order pertur
tions, axial, and have angular dependencel 51, m50. The
restriction to m50 is equivalent to the restriction to th
z-component,Lz , of angular momentum. We make it on
for simplicity of presentation.Lx andLy are related to com-
plex linear combinations ofm51 andm521.

Let us denote the two factorsu(1) by u8 and u9. They
must havem5m81m950. We do not require that the num
ber l 81 l 9 be odd that ofu8 and u9 one be polar and the
other axial. An example for the mixing of polar and axi
perturbations to quadratic order is

Ylm Yl 2m:a52 imA 3

16p
S10a1other terms ~18!

for any l andm. Note that anym81m950 gives rise to the
axial vector fieldS10a that characterizes angular momentu
in the z-direction, exceptm85m950. That m85m950 is
excluded is also clear on physical grounds, as we have
gued above that an axisymmetric scalar field configura
cannot have angular momentum. In the simplest casel 51
the complete expression is

Y11Y121:a52 iA 3

16p
S10a1

1

4A5p
Y20:a . ~19!

In other words two polarl 51 perturbations combine to giv
an axiall 51 perturbation, as well as the expectedl 52 polar
perturbation.

IV. REVIEW OF MASS SCALING IN CRITICAL
COLLAPSE

We have clarified the role of second-order perturbat
theory for calculating angular momentum-like quantities
almost spherical scalar field collapse. In the following w
specialize to a particular background solution, the so-ca
critical solution. The derivation of the angular momentu
scaling law is a continuation of the previous derivations
scaling laws for the mass@4,7#, electric charge@8# and angu-
lar momentum@11#. Therefore we do not try here to be full
self-contained, but rather remind the reader of the gen
ideas underlying these calculations. A more detailed rev
is contained in@12#.

Critical collapse is dominated by a single solution whi
has the two crucial properties of being self-similar~CSS or
DSS! and of having precisely one growing perturbati
mode. This solution is best given in coordinatesx and t,
which are ~with some simplification! x52r /t and t
10401
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52 ln(2t). The important properties of these coordinates
that both are dimensionless, thatx is invariant under rescal
ing of space and time, and thatt, being the logarithm of a
scale, changes only by an additive constant. The critical s
lar field solution, in coordinatest,x,u,w, is then of the form

gmn5 l 0
2e22tḡmn~x,t̃ !, f5f~x,t̃ !, ~20!

where the tilde over the argumentt indicates that the con
formal metricḡmn and scalar fieldf depend ont only peri-
odically, with a periodD. Note thatḡmn , f, and the coordi-
natest,x,u,w are conveniently thought of as dimensionles
with the arbitrary constant scalel 0 the only dimensionful
quantity. Note also that by construction,l 0 always comes
together withe2t. From this it follows that, in the self-
similar spacetime,

any masslike quantity; l 0e2t. ~21!

Now consider the one growing linear perturbation mod
As the background is periodic int, it must be of the form

growing mode;~p2p* !el0t f 0~x,t̃ !. ~22!

l0 is real and positive, so that the perturbation grows as
approach smaller scales (t→02 , r→0,t→`). As by as-
sumption there is only one such mode, and the backgroun
real,l0 and f 0 must be real, but in generall i and f i exist in
complex conjugate pairs. The overall amplitude of the gro
ing mode depends on the initial data in a complicated w
but to leading order it must be proportional top2p* , be-
cause forp5p* the critical solution exists forever, by defi
nition of being the critical solution, and so the growing mo
cannot be present.

Now consider the spacelike hypersurfacet5t* , with the
value oft* defined by

growing mode;~p2p* !el0t
* ;some fiducial amplitude.

~23!

For t* this gives

l0t* 52 ln~p2p* !1const. ~24!

At a later stage, we can no longer approximate the space
as self-similar plus a perturbation, but the Cauchy data at
5t* are independent of the initial data—the decaying p
turbations have all decayed, and the one growing pertu
tion has reached its fiducial amplitude—up to an over
scale, which must be given by Eq.~21!. Therefore we have
for the black hole mass,

M; l 0e2t
* ;~p2p* !1/l0, ~25!

so that we have found the law~1! with g51/l0.

V. ANGULAR MOMENTUM SCALING IN DSS
CRITICAL COLLAPSE

At the fiducial timet5t* , we have, for the angular mo
mentum of what will become the black hole,
2-4
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Lz;S~2!~u~1!,u~1!!~t* !; l 0
2e22t

* Reu8~t* !Reu9~t* !

; l 0
2e22t

* Re@C8 f 8~t* !el8t
* #Re@C9 f 9~t* !el9t

* #.

~26!

Here l8 and l9 are the complex exponents of the mo
slowly decaying modes of two separate first-order pertur
tions which are compatible with the angular dependence
lection rules, andf 8 and f 9 are the corresponding comple
mode functions, which are periodic int with periodD. C8
andC9 are complex constants that depend on the family
initial data. ~They also depend onp, but here we only take
their leading order, which is constant. We take the real p
of u8 andu9 separately because the complex notation is o
a shorthand for sines and cosines.! In order to simplify we
have made the jump from thex-dependent quantityS(2) to
the simple numberL in the first equality, and we have there
fore suppressed thex-dependence off 8 and f 9. Note that the
factor l 0

2 e22t
* in the second equality appears by dime

sional analysis—L has dimensions (length)2.
In @13# we found that the most slowly decaying perturb

tion with lÞ0 is the polarl 52 perturbation, which hasl
.20.06(1/D)10.30(2p i /D).20.01710.55i . Therefore
Lz will be dominated by contributions where bothu8 andu9
are l 52 polar. This does not mean, however, thatu85u9.
S(2) will contain dominant contributions from bothm8
52m951 andm852m952. Furthermore,C8 andC9 are
independent complex constants for each of these two ca
~We have chosen our complex notation so thatC can take
arbitrary complex values, butl and its complex conjugate
are not counted as independent.! The functionLz(p2p* ) is
therefore parametrized by four independent complex c
stants, namely the constantsC for l 52, polar, with m
521,1,22,2.

Inserting the value~24! for t* , and putting back the vec
tor character ofLW , and the periodic nature of the backgroun
we can summarize our result as
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LW .LW 0@ ln~p2p* !#~p2p* !m ~DSS! ~27!

whereLW 0@ ln(p2p* )# is a quasiperiodic function that depend
on the family of initial data, andm is a universal critical
exponent that is given by

m5 Re
22l82l9

l0
5~222 Rel8!g. ~28!

Note thatl8 has negative real part, so that we havem.2g.
With g.0.374 and Rel8.20.017 we predict a critical ex-
ponentm.0.76, which is barely larger than 2g.

The Fourier spectrum ofLW 0@ ln(p2p* )# with respect to its
formal argument contains the angular frequencies

N
2pg

D
, N

2pg

D
62g Im l8 ~29!

for integerN. We could be more precise by writing down th
general form ofLW 0@ ln(p2p* )# as a sum involving eight uni-
versal~but, from the present calculation, unknown! periodic
functions and 24 real constants depending on the family
initial data, but that would not be very helpful. Neverthele
in numerical collapse simulations it should be possible
spot not only the overall power law, but also a fine structu
with the fundamental angular frequency 2pg/D.0.683 and
the offset 2g Im l8.0.41 in the Fourier transform ofLW 0
with respect to ln(p2p* ).
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