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Angular momentum near the black hole threshold in scalar field collapse
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For the formation of a black hole in the gravitational collapse of a massless scalar field, we calculate a
critical exponent that governs the black hole angular momentum for slightly non-spherical initial data near the
black hole threshold. We calculate the scaling law by second-order perturbation theory. We then use the
numerical results of a previous first-order perturbative analysis to obtain the numericajual&6 for the
angular momentum critical exponent. A quasi-periodic fine structure is superimposed on the overall power law.
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[. INTRODUCTION collapse of pure gravitational wavyedut is independent of
any dimensionful constants in the matter equations of mo-
In the space of initial data for a self-gravitating system,tion. Critical phenomena were first observed in the spheri-
the black hole threshold is the limit between initial data thatcally symmetric collapse of a scalar fidlt] and the axisym-
eventually form a black hole and initial data that do not.metric collapse of gravitational wav¢8]. The structure of
More precisely, if one considers smooth one-parameter famihe intermediate attractor that plays the role of the critical
lies of initial data such that for large values of the parametepoint was clarified in4] and[5]. The critical exponent for
p a black hole is formed, but not for small values, then therehe black hole mass was calculated by perturbation theory
is a critical valuep, (which can be found by bisectidn around the critical point ifi6] and more generally ifi7]. An
where a black hole is first formed. Such data are called critiindependent critical exponent for the black hole electric
cal data. All numerical experiments are compatible with thecharge was predicted if8] and subsequently measured in
picture that the critical data form a smooth hypersurface ofg]. The prediction of a critical exponent for the black hole’s
codimension 1, called the critical surface, in the infinite-angular momentum required perturbation theory beyond
dimensional space of initial data. spherical symmetry, and was first carried ou{1®,11] for
The evolution of any data sufficiently close to the blackperfect fluid collapse. A detailed review of all this can be
hole threshold shows what is now commonly known as criti-found in[12].
cal phenomena in gravitational collapse. The solution Now two of us have calculated the non-spherical linear
evolved from near-critical data, with=p,. , approaches a perturbations around the critical point in scalar field collapse
universal intermediate attractor in a region of spacetime[13]. In the present paper, we build on that work to quanti-
This universal “critical solution” has a discrete or continu- tatively predict the scaling of the black hole angular momen-
ous self-similarity. Numerical experiments as well as perturtum in critical scalar field collapse. The perfect fluid and
bative calculations are compatible with the picture that it isscalar field cases have in common that the critical spacetime
an attractor inside the critical surface, with precisely onejs spherically symmetric. The black hole angular momentum,
unstable perturbation mode pointing out of the critical sur-which breaks spherical symmetry, can therefore be treated

face. perturbatively. There are two important differences, how-
If p>p, , and a black hole is formed, its mass scales withever.

p as[1] The first difference is this. The critical point spacetime in

perfect fluid collapse has, apart from spherical symmetry,

M=C (p—p,)?, (1) another continuous symmetry, namely continuous self-

similarity (CSS, also called a homothety. Roughly speaking,

wherevy is the same for all families of initial data. However, this means that it does not dependtamdr separately, but
scaling is not only a supercritical property. Any dimensionful only through the dimensionless combinatios —r/t (for a
variable of the system scales wifh-p,. . For example the suitable choice of coordinates that we do not need to discuss
maximum curvature of spacetime scales pg€p) 2? for  here. The perturbations of this solution must then have the
p<p, [2]. The critical exponeny is directly related to the form Re (—t) *f(x)], where both the eigenvaldeand the
growth rate of the one unstable mode. mode functionf (x) can be complex. In the perfect fluid case

The critical exponeny is independent of the initial data. the X of the perturbation that dominates angular
It depends on the type of matt@r absence of matter, in the momentum—thel=1 axial mode with the largest real

0556-2821/99/5A.0)/1040125)/$15.00 59104012-1 ©1999 The American Physical Society



GARFINKLE, GUNDLACH, AND MARTIN-GARCIA PHYSICAL REVIEW D 59 104012

part—is real.(The statement ifi11] that\ is complex was Eu®)=0, (6)

wrong) The black hole angular momentum in critical perfect

fluid collapse scales as LuM)=0 @
Ezljo(p— p*)"“ (perfect ﬂUId, CS$ (2) E(u(z))=8(2)(u(l) U(l)) (8)

In contrast, the scalar field critical spacetime depends not . . L ' .
only onx, but in a restricted way also danit is periodic in Whgrez'i is a linear derivative operator, arlis a quadratic
7= —In(~t). (Again this holds only in suitable coordinates. d€rivative operator. _ _ _
This symmetry is called discrete self-similari(@S9 [7]. We perturb around a spherically symmetric solutigh. _
Furthermore, the critical exponent itself is complex. The!n this paper we consider a double perturbation expansion,
imaginary part of the critical exponent and the independenP©th around spherical symmetry and around criticality. The
period A in 7 of the background critical point solution then SMall parametek in the following always refers to devia-
combine to give an overall power law modified by quasi-tions from spherical symmetry(The small deviation from
periodic behavior, as we shall see below. criticality will be parametrized by—p, .)

The second new difference between the fluid and the sca- Y€ begin by establishing that no black hole angular mo-
lar field is that angular momentum can be treated in firstMENtUM can arise in first-order perturbation theory, for a

order perturbation theory around spherical symmetry for perSPherically symmetric background solution with only scalar
fect fluid collapse, but not for scalar field coilapse. We havdi€ld matter. We begin by notinfl4] that the Kerr metric

to go to second-order perturbation theory to obtain a nonWith massM and angular momenturb in Boyer-Lindquist

zero effect. Fortunately the relevant second-order perturb00rdinates can be written as a perturbation of the Schwarzs-
tion degree of freedom does not obey a wave-like equatioffhild metric (for simplicity we assume that the angular mo-
which would require independent free initial data, but is to-MenNtum is in thez-direction):

tally determined by its source, which is quadratic in first- 1

order perturbations. This allows us to obtain the desired re- g<0)dxﬂ dx’= — ( 1— ﬂ)dt% ( 1— m) dr?

sult with a calculation based on dimensional analysis and my r r

selection rules for the angular dependence of the perturba-

204924 ai 2
tions. At the end of the calculation we insert the numerical +r¥(de+sin’ 6de?), ©)
value for a particular complex eigenvalénto our result to L
obtain a numerical value for the angular momentum critical g<1>dxﬂdxyz —4—sir? fdt de
exponent. wy r

The paper is structured as follows. First we define pertur- L 5 1
bation theory around spherical symmetry to all orders and —4- s ™
L =4—sinf0—\/—=Y1o(0,¢)dtde, (10
show, both formally and intuitively, why we have to go be- r a6 v 3 10, ¢) ¢ (10

yond first-order perturbations. Then we consider the second-

order perturbations that give rise to the angular momentumwhere Y, is the spherical harmonic with=1 andm=0.

In order to make our presentation more self-contained, wélote that this is the only first-order metric perturbation when
briefly review how the mass scaling law is derived. Then wewe expand in powers df. The other metric coefficients are
derive the angular momentum scaling law for a sphericalchanged only fronO(L?) on.

DSS, background, and insert numbers for the scalar field We adapt the gauge-invariant perturbation framework of

case. Gerlach and Sengupfa5], which is reviewed in more detail
in [13]. In this framework, all four-dimensional tensor per-
II. FIRST-ORDER PERTURBATIONS AROUND turbations are covariantly decomposed into series of tensorial
SPHERICAL SYMMETRY spherical harmonics, which carry all the angular dependence,

. ] ) with coefficients which depend anandt. These harmonics

In order to define higher order perturbation theory, Wegre tensors derived from thg,, and their derivatives, resid-
formally expand the metric and the scalar field as ing on the two-spheres of spherical symmetyordinates?
and ¢, tensor indicesa). The coefficients of those expan-
sions are tensors residing in the two-dimensional reduced
_ 0 1)1 2 .4(2) 3 manifold (coordinates andt, tensor indice#\). This decom-
dle)=¢"+ed T+ e"d T+ 0(€). (4) position is performed because around spherical symmetry
different|,m components of the expansion decouple so we
can study each case separately. Elgohlinear perturbation
decouples further into two parts: axiglwith parity
(—1)'*] and polar{with parity (—1)'].
£U)=0, u=(g,,,d)=u(e), (5) tenlr;l;his notation, the linear metric perturbati@®) is writ-

9. (€)=0'0+eg\h) + €297+ O(€%), (3)

In the following we use the shorthandto denote bothg,,,
and ¢. If we write the field equations, that is, the Einstein
equations and the scalar wave equation, formally as

and take formal derivatives with respectdpwe obtain, as " (D goa .
the leading orders, g,.,dx* dx"= 2k dX" Sy0ad X7, 11
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where S;q, is the axial harmonic vector field with angular that to second ordef and hencdl do not vanish. This will
dependencé=1, m=0, formed by the general rul§,, be discussed in the next sectipn.

:62Y|m:b. (Here a is the covariant derivative on the unit ~ While this is a complete argument for the absence of
two-sphere, and,,, is the corresponding unit antisymmetric black hole angular momentum in the first-order perturbation
tensor) The angular momentum perturbatien we are in- calculation, we have also found two intuitive ones. Angular
terested in can therefore be characterized as the bxial ~ momentum is present in the first-order perturbations of
m=0, gauge-invariant metric perturbationrm&1 and m spherical fluid collapse, but not of scalar field collapse, be-
= —1 parametrizé_, andL, . ) By comparison with Eq(9) cause the fluid is made up of individual particles with a rest

we read off that mass which can go round while the entire configuration re-
mains axisymmetric. The angular momentum is proportional
L AT 2L to the tangential velocity componeat. The scalar field has
ki dx*= 5 7t (120 no such particles, and we need to make spoke-like structures

in the field(thus breaking axisymmetnand then make these
for I=1 and m=0. Here k'&l) is only partially gauge- go round. Intuitively, we need two powers efto do this:
invariant forl =1, but its curlll® is gauge-invariant for all one to make spokes and another to make'them go round.
>0, and contai’ns all the gauge-invariant information WeThls argument is backed up by the observation that t_he con-
caICl’JIate : served _angular_momentu(hloether chargeof a scalar field

on a Minkowski background, for example tk&omponent,

is simply
477 6L
M=o 2 ==/ 2o, (13

for =1 andm=0. (In the notation of 13] these objects are

simply calledk, and I because there we only work with One can easily see that this is again quadratic in deviations

first-order perturbationsA is the covariant derivative on the from spherical symmetry.

reduced manifold, aneé”B the corresponding unit antisym- A second intuitive argument for the absence of first-order

metric tensor. angular momentum perturbations in the scalar field comes
Let us compare this particular solution with the generalprecisely from its partial equivalence with a perfect fluid

linearized equatiott7) it must obey. Fot=2, IIY) obeys a  (with p=p): the 4-velocity of that pseudo-fluid is the nor-

wave equation, but for=1 it obeys a first-order differential malized gradient of the scalar field and, therefore, irrota-

equation that can be integrated trivially to yield tional.

fﬁ,Minkowski: J' ¢,t¢,<p d3x= O( 62)- (16)

'Y —-167TV —-c=0, (14) Il. SECOND-ORDER PERTURBATIONS

where T is a scalar constructed from the axial gauge in- Insecond-order perturbation theory, we can define

variant matter perturbations, aards an integration constant. secqnd—order versions O.f the gauge-invariant perturbations.

Note that£ degenerates from a derivative operator to an(EquwaIentIy, we could fix th_e gauge separately at each or-

algebraic operator fdr=1 axial perturbations. In spite of its der) Independent O.f the detgllepl f|eld_ equations, the term in

trivial appearance, Eql4) is the linearized Einstein equa- the_nth o_rder equations that is linear in theh order pertur-

tion relating gauge-invariant axidkE= 1 metric perturbations bations IS the same at all orders, namél.yF_or |=1 axial .

to their matter sources. perturbations, Eq(8) therefore takes the simple algebraic
If the spacetime is vacuum, the spherical backgrounéorm

must be Schwarzschild, and the matter perturbafidhvan- 12— 167T@ — c= S2(u u(®) 17)

ishes. The only axial physical perturbation is then the one '

that takes the Schwarzschild metric infinitesimally into theywhereI1(® and T(® are justII® and T™™) with u™® replac-

Kerr metric. We see that, for this perturbation, ing u®. Just as for the first-order perturbatiofi$? van-
ishes identically for scalar field matter, and the integration
[Am constantc vanishes if we consider only solutions with a
(1) = S — y
T 0. ¢ 6 3 L (15 regular center =0.

But now there is also the sour&@?), which is quadratic

(There is one other physical perturbation of the Schwarzsin first order perturbations®). It does not vanish in general,
child metric,l =0 polar, which changes the mass of the blackand generates a non-vanishifig?). Therefore it can intro-
hole) duce angular momentum. If and when a black hole is

If we demand regularity at the center0, as we do here, formed, it must settle down to the Kerr solution at late times.
we must havee=0, and this is also true in the presence of S?) must then approach a constant at late times outside the
matter. The scalar field and its perturbati¢mall orderg are  horizon, thus transforming a Schwarzschild into a Kerr black
polar, simply because they are spacetime scalars. Therefolele. Inside the horizon, where the singularity forms, pertur-
T vanishes for scalar field matter and we hd¥€)=0.  bation theory around a regular center will break down, but
(To the next order, polar and axial perturbations do mix, sahat does not affect our calculations.
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Finding the expression f&®) would require more effort =— In(—t). The important properties of these coordinates are
than writing down the left-hand side, but fortunately we arethat both are dimensionless, thais invariant under rescal-
interested only in scaling arguments, not in the detailed being of space and time, and that being the logarithm of a
havior of IT? as a function ofr andt. We note thall®  scale, changes only by an additive constant. The critical sca-
belongs to the axial sector, and that we are only interested itar field solution, in coordinates,x, 6, ¢, is then of the form
its|=1, m=0 component, as that is the one connected to the _ _ -
black hole angular momentum. All other second-order per- U =1587%79,,,(X,7), ¢=(X,7), (20
turbations(except a mass perturbation, as mentioned above ] o
must eventually be radiated away as the black hole settle¥here the tilde over the argumentindicates that the con-
down to the Kerr solution. We can therefore restrict our atformal metricg,,, and scalar fieldp depend onr only peri-
tention to terms which are quadratic in first-order perturbaodically, with a periodA. Note thatg_w, &, and the coordi-
tions, axial, and have angular dependehed, m=0. The natesr,x, 6, ¢ are conveniently thought of as dimensionless,
restriction tom=0 is equivalent to the restriction to the with the arbitrary constant scalg the only dimensionful
z-componentL,, of angular momentum. We make it only quantity. Note also that by constructiol, always comes
for simplicity of presentationL, andL, are related to com- together withe™". From this it follows that, in the self-

plex linear combinations afh=1 andm=—1. similar spacetime,
Let us denote the two factors™™ by u’ and u”. They . o
must haven=m’+m"=0. We do not require that the num- any masslike quantityloe™". (21)

ber|’+1" be odd that ofu’ andu” one be polar and the
other axial. An example for the mixing of polar and axial
perturbations to quadratic order is

Now consider the one growing linear perturbation mode.
As the background is periodic in, it must be of the form

3 growing mode-(p—p, )eM7fq(x,7). (22
YimYi—ma=—1im ﬁsloaJrother terms (18

for anyl andm. Note that anym’ +m"”=0 gives rise to the
.ax'al vector f'?ldsloa that c’h_ara,c’:t_erlzes angu’IEr rT,]Sme.mumreal,)\o andfy must be real, but in genera| andf; exist in
in the zdirection, exceptm’=m"=0. Thatm’=m"=0 is : . |

. . complex conjugate pairs. The overall amplitude of the grow-
excluded is also clear on physical grounds, as we have ar-

gued above that an axisymmetric scalar field con1‘iguratior'1ng mode depends on the initial data in a complicated way,

cannot have angular momentum. In the simplest dasé E;L;ce) :c(ca)ad|=ng Otrr?:rclrtitirl,];lséotiﬁtig;ozgirgg n]?ol rgee*é bgéﬁ_
the complete expression is D= Py » OY

nition of being the critical solution, and so the growing mode
3 1 cannot be present.
YY1 1a=—i07 /FSlOa"' ———VY504- (19 Now consid(_ar the spacelike hypersurfacer, , with the
a 457 value of r, defined by

\o is real and positive, so that the perturbation grows as we
approach smaller scales—¢0_,r—0,7—x). As by as-
sumption there is only one such mode, and the background is

In other words two polalr=1 perturbations combine to give growing mode-(p—p, )e*o™~some fiducial amplitude.
an axiall =1 perturbation, as well as the expected? polar (23
perturbation. o
For 7, this gives
IV. REVIEW OF MASS SCALING IN CRITICAL MoT, = —In(p—p, )+ const. (24)
COLLAPSE
db\t a later stage, we can no longer approximate the spacetime

We have clarified the role of second-order perturbatio if-simil | bation. but the Cauchv d
theory for calculating angular momentum-like quantities in@S S€!I-Simiiar pius a perturbation, but the Cauchy data at
=7, are independent of the initial data—the decaying per-

almost spherical scalar field collapse. In the following we X .
specialize to a particular background solution, the so-calle&iurb"jltlons have aII_dec_ayeq, and the one growing perturba-
critical solution. The derivation of the angular momentum 1ON has reached its f|'du0|al amplitude—up to an overall
scaling law is a continuation of the previous derivations ofSC&€, Which must be given by E(1). Therefore we have,
scaling laws for the madg,7], electric chargég] and angu-  [oF the black hole mass,

lar momentuni11]. Therefore we do not try here to be fully M~lge ™ ~(p—p, )Y (25)
self-contained, but rather remind the reader of the general 0 * '

ideas underlying these calculations. A more detailed review that we have found the lag) with y=1/\,.

is contained iM12].

Critical collapse is dominated by a single solution which
has the two crucial properties of being self-simil@SS or
DSS and of having precisely one growing perturbation
mode. This solution is best given in coordinatesnd 7, At the fiducial timer= 7, , we have, for the angular mo-
which are (with some simplification x=—r/t and 7 mentum of what will become the black hole,

V. ANGULAR MOMENTUM SCALING IN DSS
CRITICAL COLLAPSE

104012-4



ANGULAR MOMENTUM NEAR THE BLACK HOLE ... PHYSICAL REVIEW D 59104012

L,~S?(u®,u)(r,)~15e 2™ Reu’(,)Reu’(r,) C=Lo[In(p—p,)1(p—p,)* (DS (27)

—12a— 27, 1§ N7, nen N N

loe RECT(r,)et *IRGC (7, )€t ™. whereL o[ In(p—p,)] is a quasiperiodic function that depends
(26) on the family of initial data, andx is a universal critical

exponent that is given by
Here A’ and \" are the complex exponents of the most

slowly decaying modes of two separate first-order perturba- 2\ —\"
tions which are compatible with the angular dependence se- n=Re X
lection rules, and’ and f” are the corresponding complex 0
mode functions, which are periodic inwith periodA. C’
and C"” are complex constants that depend on the family of, h . "
initial data. (They also depend op, but here we only take ith y=0.374 and Ra'~—0.017 we predict a critical ex-
their leading order, which is constant. We take the real part§onentu=0.76, which is barely larger tham2

of u’ andu” separately because the complex notation is only ~The Fourier spectrum df[ In(p—p,)] with respect to its
a shorthand for sines and cosines order to simplify we formal argument contains the angular frequencies

have made the jump from thedependent quantit$® to

=(2—2Re\')y. (28

ote that\' has negative real part, so that we have 2.

the simple numbet in the first equality, and we have there- 2my Nzﬂ +2yIm\’ (29)
fore suppressed thedependence of’ andf”. Note that the A A Y

factor I§e~ 2™ in the second equality appears by dimen-

sional analysis-& has dimensions (length) for integerN. We could be more precise by writing down the

~ In[13] we found that the most slowly decaying perturba-general form of[In(p—p,)] as a sum involving eight uni-
tion with I#0 is the polarl =2 perturbation, which has  versal(but, from the present calculation, unknowperiodic
=—0.06(1A)+0.30(2mi/A)=—0.017+0.55. Therefore functions and 24 real constants depending on the family of

L, will be dominated by contributions where bath andu”  initial data, but that would not be very helpful. Nevertheless,
arel=2 polar. This does not mean, however, that=u".  in numerical collapse simulations it should be possible to
S will contain dominant contributions from botm’  spot not only the overall power law, but also a fine structure
=-m"=1 andm’'=-m"=2. FurthermoreC’ andC"” are  with the fundamental angular frequencyr2/A=0.683 and

independent complex constants for each of these two casgge offset 2 Im\'=0.41 in the Fourier transform dfo
(We have chosen our complex notation so t@atan take \yith respect to Ing—p, ).

arbitrary complex values, but and its complex conjugate
are not counted as independenfthe functionL,(p—p,) is

therefore parametrized by four independent complex con- ACKNOWLEDGMENTS
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